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Abstract: New precise data in B physics and theoretical developments in K physics lead us
to reconsider the weakK0 ↔ K0 transition from a large-Nc viewpoint, Nc being the number of
colors. In this framework, we infer an upper limit on BˆK and the Kaon indirect CP violation.
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1 Introduction
In the Standard Model (SM) for the electroweak interactions, the Cabibbo-Kobayashi-Maskawa
(CKM) paradigm [1, 2] with its single phase uniquely relates K0 to B0 physics through time-
dependent CP-symmetries defined by
AMf (t) ≡
Prob{M0(t)→ fCP} − Prob{M0(t)→ fCP}
Prob{M0(t)→ fCP}+ Prob{M0(t)→ fCP}
(1.1)
if fCP is a common CP eigenstate. As a matter of fact, the most precise CP violation data
available today [3] can be expressed in the following way
AKππ(t = 0) = −2 Re(ε′K) = −(5.0± 0.8)10−6 (1.2)
ABJ/ΨK(t ≈ 310−12s) = sin 2β = 0.678 ± 0.025 (1.3)
AKππ(t =∞) = +2 Re(εK) = +(3.32± 0.04)10−3 . (1.4)
These asymmetries covering five orders of magnitude display the expected pattern for CP
violation in pure decay, in decay-mixing interference and in pure mixing, respectively. Yet,
nowadays they lead to some tension [4–6]. Indeed, if the angle β is extracted from Eq.(1.3)
to fix the phase for the Vtd element of the unitary CKM matrix, then CP violation in the
K0 → ππ decays can be estimated in the SM and tends to be smaller than its experimental
value. Such a statement mainly relies on quite precise estimates of the |∆S| = 2 hadronic
matrix element from lattice QCD. Conventionally normalized with respect to a naive vacuum
insertion approximation (VIA) to be defined later on, these calculations with nf = 2 + 1
flavors have been reviewed and averaged very recently to give [7]
BˆK(lattice) = 0.724 ± 0.024 (1.5)
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in the isospin limit. This dramatic reduction in errors for a numerical calculation of the scale
invariant BˆK parameter turns out to confirm an early analytical estimate simply performed
in the large-Nc limit (Nc being the number of colors), namely [8, 9]
BˆK(Nc →∞) = 3
4
. (1.6)
It is thus quite tempting to extend this large-Nc limit to the non-perturbative physics involved
in the measured CP-asymmetry (1.4).
In this paper we use the 1/Nc expansion to derive an upper bound on BˆK and Re(εK),
without input from lattice QCD. Section 2 gives the leading order, and Section 3 the sign of
the next-to-leading corrections as well as arguments why the 1/Nc expansion for BˆK is well-
behaved. In Section 4, a phenomenological estimate of BˆK from the observed K
+ → π+π0
decay is also given for consistency.
2 The large-Nc limit for Re(εK)
At first order in CP violation, the asymmetry (1.4) is given by
2 Re(εK) = sin(2φε)
{
ImM12
∆M
− ImΓ12
∆Γ
}
(2.1)
with ∆M(≈ 2 ReM12), the KL −KS mass splitting measured to be [3]
∆M ≡ML −MS = (3.483 ± 0.006)10−15 GeV (2.2)
and ∆Γ(≈ 2 ReΓ12), the corresponding decay width splitting that turns out to be of the same
order since [3]
φε ≡ tan−1
(2∆M
−∆Γ
)
= (43.51 ± 0.05)◦. (2.3)
Consequently, in Eq.(2.1), the only unknown quantities are the imaginary parts of the dis-
persive and absorptive contributions to the |∆S| = 2 weak transition:
M12 = 〈K0|H∆S=2W |K0〉+
∑
n
P
〈K0|H∆S=1W |n〉〈n|H∆S=1W |K0〉
MK − En ,
Γ12 = 2π
∑
n
δ(MK − En)〈K0|H∆S=1W |n〉〈n|H∆S=1W |K0〉. (2.4)
In this general second-order perturbation formalism, the operator P projects out the principal
part of (MK − En)−1 in M12. Accordingly, the intermediate states |n〉 contributing to M12
are virtual while the ones contributing to Γ12 are physical states to which K
0 and K0 decay.
So, both ImM12 and ImΓ12 are in principle affected by long-distance (LD) effects below the
one GeV confining scale of QCD. Within the SM framework, these non-perturbative effects
are generated by the so-called box and double-penguin diagrams [10, 11].
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In the large-Nc limit [12], internal quark loops are naturally suppressed and a full hadroniza-
tion of these primary Feynman diagrams is performed with the help of planar gluons. At
the leading O(Nc) level [13], the weak K0↔K0 transition allows virtual as well as physical
|(qq¯)(qq¯)〉 intermediate states (see the cut in Fig.1a) and thus contributes to both MLD12 and
Γ12, in a way compatible with Eq.(2.3). As a consequence, in the limit of a large number of
colors, Eq.(2.1) simply becomes
2 Re(εK)(Nc →∞) = sin(2φε) ImM
SD
12
∆M
. (2.5)
In this expression, MSD12 stands for the short-distance part of the |∆S| = 2 weak transition
generated by the box-diagram with charm and top quarks propagating in the loop, once the
standard phase convention for the CKM matrix (i.e., ImVudV
∗
us = 0) is adopted. So the
negative correction from φε 6= π/4 and CP violation in K0 decays estimated in [14] for |εK |
does not affect Re(εK), namely CP violation in the K
0 − K0 mixing, in this limit. Taking
into account the latest CKM input parameters and short-distance QCD corrections listed in
[15], we obtain
ImMSD12 = BˆK(1.38 ± 0.18) 10−17 GeV. (2.6)
Here, the main uncertainty (about 10%) comes from our limited knowledge of the c-to-b weak
transition [3],
|Vcb| = (40.6 ± 1.3) 10−3. (2.7)
Indeed, ImMSD12 scales roughly as the fourth power of |Vcb| if the 3-by-3 CKM matrix is taken
unitary, as it should be in the SM. Using Eqs.(1.6), (2.2), (2.3) and (2.6) to evaluate Eq.(2.5),
we conclude that the large-Nc limit prediction for the K
0 −K0 CP-asymmetry is
2 Re(εK)(Nc →∞) = (2.96 ± 0.38) 10−3. (2.8)
This value is quite compatible with the experimental one given in Eq.(1.4) but clearly favors
a large value of |Vcb|, as extracted from inclusive decays in the Standard Model.
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Figure 1. a) O (Nc), b) O (1) and c) O (1/Nc) non-perturbative contributions to the K0 ↔ K¯0
transition. Dotted cuts identify the physical intermediate states for Γ12.
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3 The 1/Nc corrections to Re(εK) and BˆK
Before excluding any possible tension between Re(εK) and sin 2β in the SM, we still have to
estimate the size of the 1/Nc corrections. At the next-to-leading O(1) level, MLD12 stays real
(see VudV
∗
us in Fig.1b) and ImΓ12 is still zero (see the cut in Fig.1c). So, at this level the
LD contributions considered in [14] are 1/N2c -suppressed and only the 1/Nc correction to the
B-parameter of the dominant ∆S = 2 hadronic matrix element
〈K0|[s¯γµ(1− γ5)d]⊗ [s¯γµ(1− γ5)d]|K0〉 ≡ 2
(
1 +
1
Nc
)
BKf
2
KM
2
K (3.1)
in MSD12 really matters. One easily checks that the VIA corresponds to BK = 1, as it should
be [16], since any (V-A)(V-A) four-quark operator obeys the standard Fierz relation
[q¯iγµ(1− γ5)qj]⊗ [q¯kγµ(1− γ5)ql] = [q¯iγµ(1− γ5)ql]⊗ [q¯kγµ(1− γ5)qj ]. (3.2)
In the isospin limit taken hereafter, the measured decay constant fK (≈ 156 MeV) of the
Kaons is defined by the K-to-vacuum matrix elements for color-singlet left-handed currents
〈0|[s¯γµ(1− γ5)d]|K0〉 = 〈0|[s¯γµ(1− γ5)u]|K+〉 ≡ ifKpµ. (3.3)
So, the explicit 1/Nc factor in Eq.(3.1) simply stems from the projection of the currents on
the color-singlet K0 state once the vacuum state has been inserted in all possible ways with
the help of the Fierz relation (3.2).
Let us introduce a fictitious color-singlet X0 boson exchange between the two |∆S| = 1 left-
handed currents in Eq.(3.1). In fact, such a trick has already been used in the past to keep
track of the loop-momentum flow when matching the SD operator evolution in QCD with the
LD one estimated either in a Nambu-Jona-Lasinio model [17] or in a non-linear σ-model [18].
Here the X-boson propagator is not cut-off, but the full leading O(Nc) and next-to-leading
O(1) contributions to BˆK can be displayed as in Fig.2 without any reference to an effective
model below one GeV. In particular, the Fierz relation (3.2) is partially at work between
Fig.2a and Fig.2b. Following the standard Feynman rule that tells us to take the trace and
to multiply by a factor (-1) for each closed fermion loop, we thus expect a negative 1/Nc
correction for the Kaon B-parameter, namely
BˆK(1/Nc) <
3
4
. (3.4)
Consequently, Eq.(2.8) should also be taken as an upper limit on Re(εK). Of course,
these bounds hold true if such a 1/Nc expansion in the K
0 ↔ K0 transition makes sense. In
this connection, earlier works inspired by the π+ − π0 electromagnetic mass difference [19]
have put forward a relatively smooth 1/Nc matching between the perturbative QCD theory
and a truncated effective theory for the light pseudo-scalar [20] and vector [21] mesons. The
central value quoted for BˆK in these works were respectively 0.66 and 0.70, but with too large
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Figure 2. a) O (Nc) and b) O (1) effective contributions to the BˆK parameter. From now on, sum
over planar gluons inside the ellipses is understood. Minus signs in parenthesis correspond to the
Feynman factor for fermion loops and lead to a negative 1/Nc correction.
uncertainties to claim to be below 3/4. Later on, the inclusion of an extended Nambu-Jona-
Lasinio model to improve the 1/Nc matching around the critical one GeV scale supported the
range 0.60 < BˆK < 0.80 [22]. As we now know, the latest lattice results averaged in Eq.(1.5)
suggest very small 1/Nc corrections to BˆK = 0.75.
The expected negative sign of the 1/Nc correction to the BˆK parameter can be understood
in the following pictorial way. If we substitute theW+ gauge boson for the X0 boson in Fig.2,
we then obtain the two diagrams in Fig.3 that generate the full |∆S| = 1 K+ → π+π0 weak
decay amplitude at the next-to-leading order, and in the isospin limit. Indeed, the third
so-called penguin diagram added in Fig.4 only enhances the ∆I = 1/2 component of the
K0 → ππ amplitudes and has no counterpart for the effective |∆S| = 2 transition in Fig.2.
In other words, the 1/Nc corrections for BˆK and the ∆I = 3/2 K
+ → π+π0 amplitude are
topologically equivalent and, consequently, negative since the ∆I = 3/2 transition comes out
too large at the leading order.
K+ (−)
s
u
W+
(−)
d
u
(a) (b)
K+
s u
d
u
W+(−)∗
∗ u ∗
∗
u
Figure 3. a) O
(
N
1/2
c
)
and b) O
(
N
−1/2
c
)
contributions to the K+ → π+π0 amplitude. Stars denote
projections on the π final states in the isospin limit. The minus signs correspond again to the Feynman
factor for fermion loops and lead to a ∆I = 3/2 suppression.
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Figure 4. a) O
(
N
1/2
c
)
, b) O
(
N
−1/2
c
)
and c) charm penguin contributions to the K0 → ππ ampli-
tudes. Stars denote again projections on the π final states. Compared with Fig.3, the extra minus
signs result from the dd¯ component of the π0 in (b) and from the Vcd CKM matrix element in (c),
leading thus to an overall ∆I = 1/2 enhancement.
4 A phenomenological estimate of BˆK
A value of BˆK below 3/4 is also favored by the following phenomenological approach based on
the observed K+ → π+π0 weak decay. We assume the absence of important new physics con-
tributions in this tree-level process. Applying then the standard operator product expansion
and neglecting again isospin breaking effects, the corresponding amplitude reads:
A(K+ → π+π0) =
(
GF√
2
)
VudV
∗
us〈π+π0|{c1Q1 + c2Q2}|K+〉 (4.1)
with
Q1 =
[
s¯γµ(1− γ5)d
]
⊗
[
u¯γµ(1− γ5)u
]
Q2 =
[
s¯γµ(1− γ5)u
]
⊗
[
u¯γµ(1− γ5)d
]
(4.2)
the (non-penguin) |∆S| = 1 current-current operators. Inspired by Eq.(3.1), let us also
normalize their hadronic matrix elements with respect to the VIA 1:
〈π+π0|Q1,2|K+〉 ≡
(
1 +
1
Nc
)
BK
(−ifπ√
2
)
(M2K −M2π). (4.3)
In the leading logarithmic approximation, the Wilson coefficient associated with the relevant
∆I = 3/2 operator in Eq.(4.1) is given by
c+(µ) ≡ c1 + c2 = [αs(MW )/αs(µ)]a, a = (9− 9/Nc)/(11Nc − 2nf ). (4.4)
1In general, 〈pi+|s¯γµ(1 − γ
5)d|K+〉 ≡ q+µ f+(q
2
−) + q
−
µ f−(q
2
−) with q
± ≡ pK ± ppi and f+(0) = 1, f−(0) =
fK/fpi − 1 ≈ 0.2 at first order in SU(3) breaking. Here, we simply take f+ = 1 and f− = 0, having in mind
that lattice QCD data give f+(0) = 0.956(8) [7].
– 6 –
Consequently, we can express the renormalization scale independent BˆK parameter in terms
of the measured K+ → π+π0 decay amplitude:
BˆK ≡ BK(µ)[αs(µ)]−a
= (
3
2
)[αs(MW )]
−a[GF sin θc cos θcfπ(M
2
K −M2π)]−1|A(K+ → π+π0)|. (4.5)
Neglecting threshold effects and performing the full evolution from MW to µ in an effective
four flavor theory, namely nf = 4, we obtain then
BˆK(pheno) ≃ 0.6. (4.6)
This value is not so far away from the lattice calculations (1.5) but below the large-Nc
prediction (1.6), if (at most) a 20% theoretical uncertainty can be conceded for Eq.(4.6). This
might be allowed in such a rather phenomenological approach mainly relying on measured
form factors. Indeed, the physical fK,π decay constants are consistently factorized with
respect to the VIA, while the B-parameter for the ∆I = 3/2 operator introduced in Eq.(4.3)
is assumed to be the same as the B-parameter for the |∆S| = 2 one defined in Eq.(3.1).
This only assumption sounds quite reasonable since the two operators have identical QCD
corrections above one GeV and Fierz relations below one GeV, in their evolution down to
the hadronic scale µ. Moreover, it can be fully justified at O(p2) in a momentum expansion
and in the flavor SU(3) limit. In these limits indeed, both dimension-six current-current
operators transform like the symmetric and traceless irreducible representation (27L,1R) of
the SU(3)L × SU(3)R chiral symmetry. They belong thus to the single operator
O27 ∝ {(∂µUU †)ji ⊗ (∂µUU †)ℓk +
(
1
5
)
[δjk ⊗ (∂µU∂µU †)ℓi + δℓi ⊗ (∂µU∂µU †)jk]
−
(
1
20
)
(δjk ⊗ δℓi )(∂µU∂µU †)mm + (j ←→ ℓ)} (4.7)
with
U(x) ≡ exp(i
√
2λαπ
α
f
), (4.8)
the unitary Goldstone boson field transforming as (3L, 3¯R) under this chiral group. The
dimension-six effective operator O27 is consistent with the standard normalization in Eq.(3.1)
if proportional to BKf
2
Kf
2. It is also consistent with our normalization in Eq.(4.3) if, in
addition, the scale factor f is taken equal to f2K/fπ with [7]
fK
fπ
≃ 1.20. (4.9)
This flavor SU(3) link between Eq.(3.1) and Eq.(4.3) not only sustains Eq.(4.6) within 20%,
but also explains a puzzling prediction on BˆK at leading order in the chiral perturbation
theory. For strong interactions at low momenta, the scale factor f introduced in Eq.(4.8) is
naturally identified with the pion decay constant fπ, as it has been done implicitly in [23].
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Consequently, in this well-defined theoretical frame we have to substitute f2K/fπ for fπ in
Eq.(4.3). The predicted value for BˆK is thus reduced by about 30%,
BˆK(chiral) =
( fπ
fK
)2
BˆK(pheno) ≃ 0.4, (4.10)
in very good agreement with next-to-leading order in 1/Nc calculations of BˆK implemented
in the strict chiral limit, i.e., with massless quarks [24]. So, unlike the phenomenological
approach developed here-above, the chiral one appears to be extremely sensitive to the SU(3)-
splitting (4.9) observed in the weak decay constants. This high sensitivity on the SU(3)
breaking (md 6= ms) also reflects itself at the O(p4) in the chiral perturbation theory for
the |∆S| = 2 and the ∆I = 3/2 matrix elements: the corresponding one-loop logarithmic
corrections proportional to M4K ln(M
2
K/µ
2
χ) are quite different from each other. In particular,
these one-loop corrections turn out to be sizeable for BK and perturbation theory even breaks
down if the chiral scale µχ is taken at one GeV [25]. However, at this point, it is worth recalling
again the 1/Nc matching approach based on a duality between QCD and a meson theory for
strong interactions. First introduced in [20] to get rid of the unknown O(p4) corrections
arising from effective operators with four derivatives, this approach requires a lower chiral
scale, i.e., µχ around (0.6 − 0.7) GeV [21].
5 Conclusion
Three very well measured CP-asymmetries are currently at our disposal in Eqs.(1.2-1.4).
So, they should in principle provide a double check of the Standard Model with a single
CKM phase. Unfortunately, large hadronic uncertainties on the |∆S| = 1 penguin operators
involved in both εK and ε
′
K prevent us from doing this so far. In particular, the information
contained in the Kaon direct CP-asymmetry (1.2) cannot be really exploited yet.
The main point of our work is to show that such is not the case for the pure |∆S| = 2K0 ↔ K¯0
transition at the origin of the Kaon indirect CP-asymmetry (1.4). Indeed, a 1/Nc expansion
within the Standard Model gives as a result
2 Re(εK) = [BˆK/0.75](2.96 ± 0.38) 10−3 (5.1)
at the next-to-leading order, once the CP-asymmetry (1.3) is used as an input. Moreover, we
argue that the Kaon B-parameter is bounded from above by its large-Nc value, namely
BˆK ≤ 0.75, (5.2)
in a way consistent with both the empirical ∆I = 1/2 rule and phenomenological flavor
SU(3). This upper bound on BˆK turns out to be also (almost) saturated by the lattice QCD
calculations. Consequently, the theoretical value of the Kaon CP-asymmetry appears to be
only one sigma away from its experimental one. In fact, the 13% uncertainty in Eq.(5.1) is
mainly due to the 3% uncertainty on the Vcb element, through the unitarity conditions on
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the CKM matrix. So, the Kaon indirect CP violation provides us with a rather interesting
test of the Standard Model. For illustration, one may substitute the Re(εK) bound for the
εK band in fits of the CKM unitary triangle.
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